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Separable Equations of Order-One

The simplest ODE of order-one have the following form
P(x)dx + Q(y)dy =0
The solution is found by simply integrating.

Example 1
Do
can be rewritten as
— j—)zl = e*dx
Each side can be integrated separately. Thus
% =—e*+c b
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General and Particular Solutions

Example 2

2x(y+ 1)dx —ydy =0
where y =-2 when x = 0.
Solution:

Put x and y in separate terms,

ydy

2xdx ———=10 1
1 1———
y T y+1
This can be recast for easier integration _yt 1-1
( ) y+1
2xdx =1 ———=]dy Yy
y+i Cy+1
Integrating each side yields the general solution
x2=y—Inly+1|+c §
¢
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General and Particular Solutions

Example 2 (cont’d)

Applying the initial conditions y =-2 when x =0,
0=-2-In|-2+1]|+c
indicating that 0
c=2+In1=2

The particular solution is therefore
x2=y—Inly+1|+2
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Change of Variables

Sometimes when the variables are not separable, a differential equation
may be reduced to one by an appropriate change of variable. The
general form of differential equation that is amenable to this approach is

Y _ flax +b
If we let
w = ax + by
then
dw dy
E =a+b E
and the differential equation can be rewritten as
dw
o _a=>bf (w)
which is separable as b
dw _d
a+bf )
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Change of Variables

Example 3
d—y=8x+4y+(2x+y—1)2
dx
Solution:
Let
w=2x+Yy
Then
dw dy
— =2 4+ =
dx T dx

The differential equation can then be recast as

dw 2 =4w + 1)?

Separating the variables | )
dw

wtw_D2t+2] @
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Change of Varnables

Example 3 (cont’d)

_1\2
The denominator on the left can be simplified i”;:; Erwwz 1_) ZJ;VZJF 142
dw p =w?+ 2w + 3
w2+ 2w+ 3] ¥
: : dx 1 2ax + b
Integrating each side, f G EbEtc  vage —proCAn A——
1 . 2w + 2 N
—drctan =X c
NE V8
This can be recast as
w+1
— =tanV8(x + ¢
77 (x +¢)
or
y =+2tanV8(x +¢) — 2x — 1 g
1
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