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Two-Level Systems

« There are few exact solutions for time-dependent potentials
« Two-level systems are an exception: nuclear magnetic resonance, laser, maser

Let
Ho = Eq|1X(1] + E3|2)(2|
V(t) = ye't|1)(2| + ye | 2)(1|
with ¥, w real positive constants, and E; < E,.

Without losing generality, let us consider the case where initially only the lower
state is populated

c1(0)=1. ¢,(0)=0

From [interaction picture],the probability amplitude of each state evolves as follows
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Evolution of Amplitudes

We note that

Vo =ye @t V,, =0

Thus,
dc o
ihd_tl = yel@tgivizte,
dc o
ihd_tz = ye~lwtglwaity,

where E,, — E,;, = hwy,;, -

Taking the second derivative of the second equation,

d*c . dc .
ih dtzz = ye‘(“)21_“))’:d—t1 + i(wqy — w)ye'@n=tc

Referring to the two original equations, we can recast the second derivative as g
2 : L, dcy
Cy + +l((1)21 — (A))lhE

if 26 _ Y/
dt? ih

Y
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General Solution

The differential equation can be reorganized as

=0

This is a second-order differential equation W|th constant coefficients. For the
ansatz c, = e*t, the auxiliary equation is
2
. )14
k2 — l(O)Zl (l))k + — hz =0
which has the roots

[(wy; —w) £ \/—(0)21 —w)* —4(y/h)* _ (wz1 —w) n .\/(0)21 —w)?  y?
2 T PR

k =

The general solution is then
¢, (t) = el@21—®)t/2[ A sin Ot + B cos Qt]

(wy1 —w)*  y? ’
Q_J 4 T

where

2

@ De La Salle University



Initial Conditions

Applying the initial condition ¢,(0) = 0, we have
B=0

Thus,
c, (1) = Ael(@21=®)t/2 gipn O

Ciictz = l(w212— w) AelW21=)t/2 gin Ot + N Ael(@W21—®)t/2 o5 ()t

Comparing with

dc,

ihﬁ = yell@21-0)t o,
we have
c,(t) = %Ae‘i(‘“ﬂ“")“2 [sin Qt + Q cos Qt]
With ¢, (0) = 1 | 1
A= b
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Initial Conditions

We then have

. 1
c1(t) = e Hwa1—w)t/2 [5 sin Ot + cos Qt‘

c,(t) = l,hLQei(“)Zl““)t/2 sin Ot

If the system is initially in the lower energy state, the probability that at a later time
t, it is found in the higher energy state is

y*/h? 2 \/(0)21 —w)* y?

lc, (D)% =

V2R + (W — )2 /4 ;. !t

This is the Rabi formula, named after the father of molecular beam Isaac Rabi.

The probability that it remains in the lower state is

e ()] =1 = ez ()1°
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