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Magnetic Field

Classically, from the electron’s frame of reference inside an atom, the nucleus is
circling around it. A charge moving in a circle sets up a magnetic field. At the
center of the circle,

I
B=H0§

The current set up by a “circling” proton is

The period may be derived from the electron’s angular momentum, as the orbital
period is the same from both the electron’s and the proton’s frame

Me2mr?
L=m,vr = 7
Thus,
e e b
b= Hogr = Mome4nr3L
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Spin-Orbit Coupling

One glaring omission of Schrodinger’s atom is spin. With a spin S, the electron
would have a magnetic moment

Ue = m,

which will interact with the magnetic field at the electron’s location to yield an
interaction energy

H = —u,-B

In this case,

H; = © S © L|)= e’ S-L
7 \m, Ho g anrs ™) ~ Ho 4rmzr3

Because this involves a dot product between the spin and orbital angular
momenta, it is called a spin-orbit coupling.

The expression can be harmonized with the expressions we have for hydrogen
atom energy by noting that b
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Thomas Precession

Thus

e? 1

HI ==
4ey mécrs

S-L

The foregoing discussion was made on classical grounds. This is actually off by
a factor of 2 accounted for by a kinematic correction to offset the shifting
between reference frames, known as the Thomas precession. The correct
expression is

e? 1

= S-L
4mey 2mzc2r3

H;

The first-order correction to energy due to spin-orbit coupling is

2
m _ ¢ 1 ©|S-L (0)
En(SO) = Jme, 2mic? <nlmlms |r—3|nlmlms
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Total Angular Momentum

The dot product may be evaluated as follows. Let us take the total angular

momentum
J=L+S
Noting that
[L,S]=0
we have
J?=1*+S5%+2S-L
Hence,
]2 _ LZ _ SZ
. L p—
S 2
The good quantum numbers in this case are j, m instead of m;, ms. Thus, we
write
. 2 _ N2 i—1cP
<nlmlms(0)|5r—3L|nlmlmS(0)> = (nl(0)|r‘3|nl(0))<lsjm(0) U L2 L lsjm(°)> b
1

= (r‘3)% G+1)—1(+1)—s(s+ 1)]h?
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Radial Part

The radial part can be evaluated using Kramers’ relation [Hydrogen 4]
s+1

—Z%(rs) — (2s + D Zap(r*™) + - [(21 +1)2 —s%]ad(rs"%) =0
In particular, for s = —1,

1
ao{r=2) — Z[(Zl +1)? —1]ag(r=>) = 0

From [Hydrogen 6],

1 B 2
r2[ (2l + 1)n3a?
Hence,

2 1
(2l + 1)n3a(2, 4

[41%2 + 41 + 1 — 1]a3(r3)
and b

r 2= ————
[(1+ 1) +Pn3ad

Y
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Spin-Orbit Correction

Putting everything together, we then have
P _ e? 1 [G+D-10+1)-D]n?
nSO) Ameg 2mZc? 21(L+ 1)(1 + Hn3ad
e2 h%Z 1 1 [G+D-1+1) -]

- 41eg Meag 4ndas meyc? I[(l+ 1D+ %)
e\ 1 1 ni+ D -0+ D) -]
~ \4drey) 4n*a?m,c? L+ DI+

This can be written as

2
g _(B) nliG+ D10+ -3
nE0 T mgc? I+ 1DA+D
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