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The Gamma Function

The Gamma Function is defined for z > 0, by the integral

I'(z) =J tZ~ e tdt
0
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Recursion Formulas

What is perhaps the most defining property of the Gamma Functions is its
recursion formula.

I'z+1) =2zI(2)

This property allows to analytically continue onto the z < 0 domain, so that for
1—|z| >0,

ra — |zl

F(-zl) = = =
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For z = n, where n is an integer, successive application of recursion formula
gives

'n+ 1) =nl'(n)
TmM)=n-DI(n-1)
Tm—1)=mn-2)(n-2)

r)=1-T)

Now,
r) = fOoo ti=te tdt =f0°°e_tdt =[-etlyg=-0+1=1
Thus,
ITm+1)=nfn)=n(nh—-1)(n—2)---T'(1) = n! ’
[
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Negative Arguments

We now note that

(1) =0-r(0)

Thus, I'(0) is undefined. For negative integers, I'(—n) are likewise undefined as
ro)=-1-r(-1)
I'(-1) =-2-T(-2)
and so on. However, gamma function is well-defined for negative z that are not
integers, because I'(z) for —1 < z < 0 can be derived from
M(z+1
M(z2) = (z+1)

sincel'(z+ 1) for0 <z+ 1< 1is well-defined. Likewise, I'(z) for -2 <z < —1
can be derived from

[(z2) = F(ZZ-I— 1) l

sincel'(z+ 1) for—1 <z+ 1 < 0 is well-defined, and so on.
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Alternate Integral Form

The Gamma Function integral for z > 0 may be cast in an alternate form if we let
t = u?. Hence

co

I'(z) = f u2@=D) o=y dy = 2] u2z=1 =% gy
0 0

Note that if 2z — 1 = n, where n is a positive integer, z = (n + 1)/2 are half-
integers. Gamma of half-integers may also be evaluated using the recursion
formula if we note that
r@) =2 f eV du = VT
0

This is just the Gaussian Integral formula [see Gaussian Integral]
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