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Let us consider the Helium atom. The radial Hamiltonian forl = 0 is

W o (., 0 Ze? A 9 (., 0 Ze? e?
H=-— s— |15 | — — 5 ry — | — +
2mry 0y ory Amtegry  2mrys 0Ty ary drtegr,  4megrys

The first two terms comprise the Hamiltonian for the first electron, the next two
terms for the second electron, and the last term is the interaction between the
two electrons, with their distance being ry, = |, — 74 ].
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First Approximation

For our first approximation, let us choose the direct product of two hydrogen
ground states as our trial function

~

P = e~ Z(ritr2)/a

with a being the Bohr radius.

Using the Gamma function

I'(z) =f tZle~tdt
0

we have
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First Approximation

We may split the Hamiltonian into three parts

H=H1+H2+H12

where
ht 0 9, Ze? ht 0 9, Ze?
H = - — |7 — , H,=-— r2 —
2mrf 0y \ ~ 0ry)  Amegry 2mrZ 0y \ © 0ry )  4megr,
and
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First Approximation

Now,
d de™ %" 0
I ) — — (—qre= ") = g2rle—ar _ 9 —-ar
6r(r Fm ) ar( ar<e ) = a“r=e are
Hence,
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First Approximation

Then
(|H.[¥)
*® h* 0 0 Ze?

— —Zri/a | _ - A —Zri1/a,.2 d f
JO € [ 2mr 0ry (r1 6r1> 4n30r1]e 16h 0
h? a Ze? ;a2 a3
= - 2(4m)? (—
[4m 27 4me, () ] (4m)? (32)

and

co

a dteg a
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From [Hydrogen 4], we have
e? h?

4mtey Mma

Thus,

(P|H )  A? <§>2 _Ze*Z  Z%e?
a 4repa  8meya

(Plp) ~ 2m
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First Approximation

Similiarly,

(Q|Hp|p)  h% Z\* Ze? Z = Z%e?
([ () a

dmteg a 8mega

What remains to be evaluated is the electron-electron interaction term. To carry
this out, we first note that

X

1 1 1 Z < Py( )
= — — = = —5+ F1(COSYy
r2 =1l \[rZ 452 = 2rr,cosy = gt

where the Legendre Polynomial can be expressed as sum of spherical
harmonics products using the Addition Theorem

41T
21+ 1

l
z Yim (01, ©1)Yim (62, 92)

m=-—1

P,(cosy) =
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First Approximation

With these,

(Bltsz]i) = [ e2zcrrae

2

47‘[80’]‘12 dT‘lr drzdﬂldﬂz

_ = j —2Z(r1+13)/a Z — r1 drl‘r dr, 2l z Y5 (01, ©1)Yim (02, ©5)dQ,dQ,
0

The integration over the angles can be carried out through the orthonormalization
condition for spherical harmonics

f Yl;‘n(gt (p)YllTnl (6; <P) d-Q — Sllr5mm/

and taking note that

V4‘7TYOO == 1
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First Approximation

Integrating over the angular part,

(0]

l
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Hence,
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l
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1
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s
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First Approximation

The integral over r; can be split into the region where r; <r,, andthenr, <n;

Je—ZZ(r1+r2)/a 1 dT'lT' dr,

=f dr e —2Zry/a [J dT‘1 ZZrl/a_l_f rlzdrlle—ZZrl/a]
0 T r

2

With the aid of the following formulas

fxebxdx— - ’x——]

J ePXdx = — [x ——+£
b b?

Y
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First Approximation

We have
-27 i 2
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First Approximation

Hence,

1
f e~2Z(ri+r2)/a — rédrridr,
>
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The remaining integrals may be evaluated using Gamma functions

I'(z) =f tZle~tdt
0
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First Approximation

With
00 a2 a2 a_
f rydr,e 2772/ = (ﬁ) r(2) = (ﬁ) 473
2" a a3 a’
f r2drye*72/e = (E) r(3) = 2( 42) ~ 172
0
%) 3
jo r,dr,e =442/ = (%)2 Ir'2) = (%)2 _%
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We see that
e2 1 08> 1(2 > 1/1

bl =3 6" 55(2) ~3(er) @) ~35e) @
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First Approximation

and

(P[p) 16 4me,

The estimated value of the Helium atom ground state energy is then

(D|Hz|P) 5 e? (22) 5Ze?

al” 32meqga

g _(WHR) _ @ILY) | @) | PlHelp) 2% 2%¢* | 5ze?
(P|P) (P [) Ay (P|P) 8meqa  8mega  32meya
For Z = 2,
H=- 4e? + se’ = —E e’ = —74.833eV
Atega  16mega 2 8meya '

This approximation is 5.24% higher than the experimental value of -78.975 eV
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