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Let us consider the Helium atom.  The radial Hamiltonian for � = 0 is
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The first two terms comprise the Hamiltonian for the first electron, the next two 

terms for the second electron, and the last term is the interaction between the 

two electrons, with their distance being 
�� = 
⃑� − 
⃑� .
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For our first approximation, let us choose the direct product of two hydrogen 

ground states as our trial function

�� = ���(�����)/ 
with ! being the Bohr radius.

Using the Gamma function
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We may split the Hamiltonian into three parts
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Now,
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Then
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From [Hydrogen 4], we have
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Similiarly,
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What remains to be evaluated is the electron-electron interaction term. To carry 

this out, we first note that
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where the Legendre Polynomial can be expressed as sum of spherical 

harmonics products using the Addition Theorem
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With these,
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The integration over the angles can be carried out through the orthonormalization

condition for spherical harmonics
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and taking note that 
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Integrating over the angular part,
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The integral over 
� can be split into the region where 
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With the aid of the following formulas
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We have
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Hence,
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The remaining integrals may be evaluated using Gamma functions
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We see that

�� ��� �� = ��4��� 4� � 116 !
M − 14 264 !

M − 14 116 !
M

= ��4��� 4� � !
M 116 1 − 18 − 14 = 54 ��4��� 4� � !2

M

!,4,
− !�4�
− !,4,



First ApproximationFirst ApproximationFirst ApproximationFirst Approximation

and
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The estimated value of the Helium atom ground state energy is then

�O = �� � ��
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For  = 2,

�O = − 4��4���! +
5��16���! = −112 ��8���! = −74.833�R

This approximation is 5.24% higher than the experimental value of -78.975 eV


