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Harmonic Oscillator

Let us use the variational method to make an approximation of the ground state
energy of a harmonic oscillator
- h? d? N r
T T omaxz 2T
The boundary condition in this case is that the wave function must vanish at +o.
One such function is
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With this,
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Harmonic Oscillator

If we let
x =atan6
dx = a sec?6 db
1 2d B a sec?0 do _sec29d9_ 1 20 46
2+az) Y7 (a?tan260 + a?)?  a3sectd a3 €03
then
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Harmonic Oscillator

Now
d? 1 _d —2x B 8x? 2
dx2\x2+4+a?2) dx\(x24+a?)?2) x2+a?)3 (x2+ a?)?
Hence
ud h? 8x? 2 N maw?x?
Y= 2m|(x2 4+ a?)3  (x2+2)2| 2(x%2+a?)
and

. *[ h? 8x? 2 mw?x>
WlHl) = f_oo [_ 2m [(x2 +a2)* (k2 + a2)3] T 2(x2 + a2)2] t
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Harmonic Oscillator

With
x =atan6
dx = a sec?6 db
We have
8x?dx B 8a3tan?0sec?0 do 8 sin?6d6o 8 .
(x2 + a?2)* 28sec80 = L Ssectd o5 sin“f cos*0d6
2dx 2asec’6do 2 .
(x%2 + a?)3 ~ " absec’d b cos”6dd
x2dx a’tan®fsec’6dfd 1
(x2 + a?)? - a*sec*d " a sin“g d¢
and
_ _ 7'[/2 hz 8 2 mwz
(Y|H|P) = J [—— [—5 sin®6 cos*6 — —5cos49] + sin?6 ] do b
_n2l 2mla a 2a
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Harmonic Oscillator

Now
8 2 8 2 6 8
= sin®6 cos*0 — $COS49 = [E (1 — cos?6) — E] cos*0 = gcos‘le — $COS69

Using the general formula

2“9—1 27’l+ ! 2n6 + on 2n —2)0 + - + o 20
CoS =2\ o, San—1 )0 2n 1 cos(2n — 2) 1] €0S

We have
49—3+1 2¢9+1 40
CoS —8 2COS 8COS
66—5+15 26+3 46+1 66
CoS = 16 32 CoS 16COS 32 COoS
We also have
1 1 |
. 2 — _ -
sin<f = > 2cole9
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Harmonic Oscillator

Hence
8 2
— sin20 cos*0 — —5cos49
a a
—1-9+3 29+3 40 >_15 20 3 40 1 606
|2 coS 7 C0S 5~ C0S 5 COS coS
= ] 20 3 40 60
5|77 7 €08 7 €08
and

~

3 n/2 mw?*
(i H|l/)> [ = (1 +3cos26 + 3cos48 + cos60) + (1—c0529)]d0
n/z 8ma 4a

| (043 sin20 + 2sinas + Lsines ) + 7 (o - Lein20 il
= _8ma5 2 Sin 4 Sin 6 Sin 4a 2 Sin _n/z
h2m  mo?n

— b
8mabd T 4a
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Harmonic Oscillator

We thus have

H=-"= —
<l/)|l/)) Ama? + Zma) a
To optimize, we set
oH _ 0
da
This translates to
hZ
2, —
— a3 + mw“a =0
which gives
a? = ki
ﬁmw l

—rY
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Harmonic Oscillator

Our best estimate for the oscillator ground state energy using the trial function

~ 1
Y =

x2 4+ q?

is therefore
V2hw Ao hw

H = + =
4 22 2
Note that this is higher than the actual ground state energy %‘” The error of our
estimate is
hw _ hw
‘Eh =2 —1=41.4%
2 ’
This just goes to show that the choice of trial function matters a lot.
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