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Since we now know the energy eigenfunctions of Hydrogen atom, the expansion
postulate can be harnessed to ease the calculations of expectation values of
observables.

W) = ) anmitnim

nlm

Finding the expectation values of energy is straightforward since

Ey
Hu,m = ﬁ Unim

Hence,

(E) = (Y|H[Y) = Z En |anlm|2 = £y Z |a1;im|2
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Position and Momentum

Evaluation of momentum expectation values involves the
operator

p = —ihV
Calculation of derivatives is aided by the recursion relation
dL%(p)
¥ = sLE(p) — (s + K)LE_, (p)

Thus, momentum expectation values (p°) can ultimately be
framed in terms of position expectation values (r®). Much of the
work would have been done once we know how to evaluate (r°)

Fortunately, expectation values of nearby powers of r are
related to each other following a relation developed by Hendrik
Anthony (Hans) Kramers

s+ 1
le

22(rS) — Z(2s + Daglrs=1) + Z (21 + 1)% — s2]a2(rs2) = 0
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Radial Equation

The starting point of Kramers’ relation is the radial equation

d ( 2cu!z) 2m Ze?  I(l+ 1)h2]r2R .y

— ) +—|E+
"ar h? ATrEyT 2mr?

dr

If we consider the function
U(r) =rR(r)

Then
dR B d(U/r) B 1dU U

dr dr  rdr 12
d ( 2alR) d ( dU ) d’U dU dU d?U
—|r*—|==—\r—-U|=r +—- =M -5

dr dr dr\ dr dr? dr dr dr?

The radial equation can then be recast as
d*U 2m Ze?  I(l+ 1)h? 5
E+ — U=0

dr? T h2

ATTE T 2mr?
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Eftectve Hamiltoman

We may then think of an effective radial Hamiltonian
h% d* I(l+1)h* Ze?
2mdr? 2mr? Ameyr

H=-—

such that

h2 d2U [l(l+1)h2 Ze?

_ U=EU
2m dr? ]

2mr? ATTE T

The eigenenergies are known [hydrogen 2],

5o m [ Ze?\’
" 2n2hm?\4ne,

Expressing this in terms of the Bohr radius [Bohr]

h2 [ e \
Ay = —
" m 41re, b
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Eftectve Hamiltoman

With
e h?
4me, - mag
we have
£ m  h* Z%e*  Z%¢* 1 Z® R’
" 2n2h?may4me,  Amey2nfay,  n2al2m

The Radial Equation may then be expressed as
h? d?U [l(l + 1)h%  h? Z] U= 7% h?

2m dr? 2mr?2 mag v n?as2m

Factoring out —#2/2m, we get
d2U [l(l +1) 2Z N 72

dr?

r? ap,r  n?ag

Y
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Kramers’ Relation

Multiplying the new radial equation by Ur® and integrating, we have
ZZ

27
j Ursu"dr — (1 + 1)j Urs=2Udr+— [ Urs™'U dr - ——

> jUrSUdr=0
ag n4ag

We now note that since Radial functions are real,

JUrSU dr = errsrR dr = JR*rSR r2dr = (rs)

Thus,

27 7
jUrSU"dr—l(l+1)(r5 Y+ — () ——=—=(r*) =0 *
ag n2af
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Kramers’ Relation

Let us now consider the integral

I=JUrSU"dr

Integrating by parts

I=jUrSU"dr = UrSU’|O —JU’d(rSU)

Since the eigenfunctions are square-integrable,
lim U(r) =0

T —00

Thus the exact term vanishes and

I = —fU’d(rSU) = —JU’rSU'dr—sJU’rS‘lUdr
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Kramers’ Relation

Let

I == _11 _SIZ

where

I =JU’TSU’dr
I, =JU’rS‘1Ud’r

We now note that
dU'rsTU") = (s + DU'rSUdr + 2U'rSTU"dr

1 00 2 |
I =fU’rSU’dr= U'r 1U’| — jU’r”lU"dr ’
s+1 o s+1
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Kramers’ Relation

We now expand U" by using the Radial equation ©
d?U [l(l +1) 2Z Z? ]
=—= -—+ U

dr? r2 apr n2al

We then have

11=_

I[(l+1 27 7%
JU’T'S-HU"dT' - _ JUIT.S+1 [ ( ) — + 5

> > U dr
r apr  néag

s+1 s+1

ZZ

2 2Z
= —— l(l+1)JU’r5‘1Udr—— U'r®Udr+ 2fU"rS“Udr
s+1 Ao nag

All remaining integrals are now of the form

I’=JU’rSUdr

Y
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Kramers’ Relation

To evaluate integrals like I, we note that
d(UrsU) = sUrS~tUdr + 2UrSU’dr

1
I’=jU'r5Udr=§/U£U

Thus,

oo S

s
2] UrS~1U dr = —E(rs‘l)

0

L
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Kramers’ Relation

Using the
S
I' = j U'rSU dr = —E(rs‘l)
we find that
2 27 72
L[ =——— l(l+1)JU’r5‘1Udr—— U'rsUdr+ JUrS“Udr
s+ 1 Qo nzao
becomes
2 s—1 27 s 7% s+1
—_ _ s—2 _ s—1 _ S
h = s+1[ U+ D= + S ) - o <r>]
(s—1) ZZ S Z?
l l 1 S 2\ _ S—1 S
(+ DG s )+ )
and "
L= | Ursudr = - 2= = (rs—2) 4
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Kramers’ Relation

Hence,
I=_11_SIZ
_ (S_)sz 2Z s rs—1 Z? S S(S_)sz
= A+ D gy T g T ) (rs2)
B A+D] oay 22 S s 72 .
= (s >[ +1)]<r T e
Since I is also,
27 7%
I = f UrsU"dr = I(1 + D{r572) —— (S 1) + —(r°)
a n<ag
the two relations combine to give
I[(l+1) <2 27 S -1 72 s b
(s >[ +1)]< T g ) - A D) .
27 7%
+—(rs71) — >(r’) =0 .
ag n2ag 5
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Kramers’ Relation

Combining factors of the same powers, for (rS72)

s l(l+1) s (l+1) (+1)
(S_l)li_(sﬂ) _l(l“):(s_l)li_(s+1)_(s—1)
s+ —1D—-2(s—-DII+1D)—-2(s+DIIl+1) s(s?—1)—4sl(l+1)
- 2(s + 1) - 2(s + 1)
s[s?2—1—-41>—-41]1 s[s?—-(2l+ 1)
zil (s +1) ]:E[ (s + 1) ]
For (rs—1),
2Z S 2Z 221 s 2Z1s+s+1 2Z 125 + 1
aos+1+a0=aols+1+1]=a0[ s+1 =aols+1]
For (r°),
A A B 2772
n2a2 n2a®?  n2d? B
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Kramers’ Relation

We then have

s[s?— 21+ 1)
El (s + 1)

5(r’) =0

2
](T‘S_z) N 27 [25 + 1] (rs-1y _ 27
Ao

O

or

ST 1Z2(rs) — (2s+ DZag{rs 1)y + - [(21 +1)2 —s?]a3(rs=2) =0

—rY
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