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Spherical Harmonics

The eigenfunctions of L?and L,, and the solutions to the angular equation for
central potentials are the spherical harmonics

— l+m
Vo = (—D)PFm ] jz”l J(l M) imo(1 — y2ym2 L g2y

2t | 4 (I +m)! dul+tm

where [ is a positive definite integer, and

m=—l,—l+1,-,1—1,1

This module covers some special properties of these functions.
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Complex Conjugate

Spherical harmonics are eigenfunctions of the L, operator

YVim

LYim = —ih do

= mhYyy,

Taking the complex conjugate,

This implies that

L;Yim = —ih d(pm = —mhYp,
suggesting that Y;;,, are eigenfunctions of L, with eigenvalues —m#h b

Y
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Complex Conjugate

The spherical harmonics are also eigenfunctions of L?

L?Y; ;, = —h? L0 'ea + Lo Yim = L(l + DR?Y,
bm = sinf a6 \"" " a8 sin26 a2 | ™ ( R Yim

Taking the complex conjugate,

{1 e/ a8\ 1 ], .
~h sin 6 96 sme% +sin290¢2 Yim = L+ DAY

Thus,

L?Y};, = —h? L0 'ea + Lo Vi = l(L+ V)R%Y};
tm = sinf a6 \"" " 38 sin26 d¢?2 im = L( i

suggesting that Y}, are eigenfunctions of L* with eigenvalues I(l + 1)h%. Thus,
in all

Ym0, 9) = CpY _1n (6, 9)
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Complex Conjugate

Now,

d 0
L.Y,,, = —ihe'® [l% — cotH%] Vim=+JU—m)({+m+ DAY piq

Complex conjugation gives

0 0
ihe™ “P[—l%—cote ]Ylm J - m)(L+m+ DAY 4

On the other hand,
ihe™ ¥ —li—cote I Y* = ihe ¢ —li—cotei G¥s
96 dp| bm 96 dp| ™ Lm
= —CpnL_Y,m = —Cn/ U = m)(L +m + DAY, 4

Thus,

Y
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Complex Conjugate

Aside from

Yim+1 = =CnY¥—m—1

We also have

Yim(6,90) = CpY) (6, 9)
which gives

Ylfm+1(9» @) = Cn+1Y,—(m+1) 0, 9)
Comparison between the first and the third yields the recursion relation
Cn+1 = —Cn
Form =0, e™® =1, so
Yim(0,9) = Po(0) = Co V10(0,9) = CoPo(0)
Hence, C, = 1. Using the recursion relation, we have
C,=—-Cy=-1;, C,=—-C;=1; C3=-C,=-1; andsoon - b

Y
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Conjugate, Orthogonality, Completeness

In general, spherical harmonics satisfy the following complex conjugation
relation

Ylim(g' (,0) = (_1)mYl,—m(0: <,0)

The spherical harmonics are orthogonal

2T T
J d(pf Ym0, 0)Y 0, (0,9)sin8 db = 6y, 6mm,
0 0

and the completeness relation

l

D) Vw0 0im(6,0) = 8(c0s 0 - cos )8 (p — ¢

=0 m—-1
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