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Raising Operation

To find the other states, we use the raising operator, which act on the L? and L,
eigenkets in the following way

Ly |Lm) = JIT+ 1) =m(m+ Dh|Lm + 1)

Before proceeding, we first express the radicand to a product form
I(l+1)—-mm+D)=0F+1l-m*-m=0%>-m>)+U—-m)
=(l+m)l-m+U-m)=U-m)(+m+1)
Thus,

Li|Lm)=(-m)I+m+ Dha|,m+ 1)
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Raising Operation

Li|Lm)={(-m)(I+m+ Dha|,m+ 1)

and ‘/////////

LyY,—1(6,9) = V2IRY, _141(6, )

Now,
B Ll | 4 J sal —ile
L.Y,_,(8,¢9) = —ihe v i cotH% C;sin‘6 e
: d
— i(-l+)e | )
hCe 70 + [ cot 9] sin‘6
Thus,
. d
V2IhY, _111(8, 0) = hCe!CHD® IE + [ cot H] sin‘@
b
[
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Second Lowest m —State

We next note that

d
LcotB (sin0)* = kcos (sin@)* 1 = T (sin B)*
and

(sin ) i + k cot 9] f£(6) = (sin 9)" ﬁ f— (sin )k = 75 [f(H)(sin 0)*]

The second lowest m — state is then

¢ 1
= — (_l+1)<p 21l
Yl,—l-l-l(e' (p) \/ﬂ e (Sln 9)[ do (Sln 9)

Y
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Raising Operation no. 2

Raising a second time
LY, 141(0,0) = (L + 1 =D =1+ 1+ DAY, _14,(6,9)
= 221 = DAYy _14,(6, 9)

and

d 1
= o |; — — _ i(-l+1)e 21
L.Y,_14+1(6,p) = —ihe [l 30 cot 6 ”\/_ Gin0)! 40 (sm 0) ]

G d
= h——i(=l+2)0 — 21
hme [d0+(l 1)cot9] [(sm@)lde(sme) ]
N
S L
V21 (sin8)!-1do| (sinfB)! db
Thus,
C, l. 1 df 1 )
= (—l+2)p 21
Y _142(0,9) \/2(2l)(21 1) € (sin8)!-1do [Sln 0do Skl ]
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Raising Operation no. 3

Raising one more time
LY, _142(0,9) = \/(l +1=2)A-1+2+ DAY 14300, 0)

= \/3(21 — 2)hY,_1415(6,9)

Cl ei(—l+2)<P 1 d [ 1 dg (Sin 0)21]]

LyY 14200, 9)

. d 9,
— .z l(p .
the [l 00 cotd 6<p] J22DR2I-1) (sin8)!=1d@ [sin6 d

=h 2 eiC-10 | L (1 —2)cotd 1 df 1 d
J2@D2I-1) do (sin6)!=1d6 [sin 6 d6

C, 1 d [(sin@)l"z d [ 1 d

—h el(=l+3)p
\/2(2[)(2[ —1) (sin09)!=2do |(sinB)!~1dO |sin 6 dO

Thus,
Yl,—l+3(91 (,0)

(sin 9)21]

(sin 9)””

C, 1 d[ld[ld

ei(—l+3)<p
sin 8 d6@ |sin 6 dO

- i 21
- J3'2hl-1)(2L-2) (sin@)!=2d6 (sin6) ” I

@ De La Salle University



Change of Variable

The expression for the spherical harmonics would be simpler if we let
u = cos 6
The derivatives become

1 d_ d B d
sinfdf  dcos®  du

—rY
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The spherical harmonics are then

dO

— 0 —il
Vi =(D7C e (1 — u2)/2 qu®

(1 —u?)!

c, 1 d

— (L)L i+ PN
Yl,—l+1 ( 1) m e (1 _ uZ)(l—l)/Z du (1 u )
Yy 42 = (—1)? L it 1 P 1wy
iz J22DI-1) (1 —u?)t-2)/2 dy?

C, . 1 a3
Y, _ =(-1)3 i(—=1+3)p 1 — u2)!
-3 = (71) B -DEl-2) A—w)@oz g )
l+m Gy (I —m)! im 2\m/2 a-m 231 1

YVim=(-1) e"™?(1 —u*) W(l_u)

JTrmiy @Dt

Y
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Spherical Harmonics

The eigenfunctions of L?and L,, and the solutions to the angular equation for
central potentials are therefore

1 [2l+1 |[(I-m)! . aitm
Y, m — (_1)l+m lel\/ AT \/(l + m)' elm(P(l - u2)m/2 du [+m (1 u )

or

2l+1 |[(1—m)! . A l
m = (=1 )mzll'\/ At J(l+m)!elm(p(1_u2)m/2d quirm (= D

The last expression may be compared to the Rodrigues’ Formula for Associated
Legendre polynomials

l+m

1 (1 uz)m/z

du l+m(
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